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Spectroscopic amplitudes are calculated for a transfer o f two nucleons in the 
(S ,T =  1,0) and (0,1) states between low-lying, normal parity states o f lp-shell nuclei. 
Calculations are performed with the intermediate-coupling model wavefunctions of nuclei 
considered. The wavefunctions were generated using the interaction parameters o f Cohen 
and Kurath. These spectroscopic amplitudes are necessary for a description of two-nucleon 
transfer in one o f intermediate steps of the multi-step sequential transfer process. Sum rules 
for the calculated spectroscopic amplitudes are given.
PACS numbers: 21.60.Cs
/. Introduction
Spectroscopic amplitudes (SAs) are indispensable in many studies on nuclear structure, 
in particular in analyzing the mechanism of various reactions involving a few-nucleon 
transfers.
The mechanism of some transfer reactions, e.g. the reactions concerning a transfer 
o f particles like4H [1], 5He/5Li [2-5] or 6He/6Li [4] comprises processes more sophisticated 
than the one-step direct transfer processes. The results of some papers published recently 
[1, 6- 8] show the important role of two- and/or more than two-step direct sequential 
transfer processes in a description of the mechanism of some few-nucleon transfer reactions. 
However, for the investigation of these processes a knowledge of spectroscopic amplitudes 
is required for the N, 2N, t/3He, a-particle, etc. transfer between excited states of inter-
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mediate nuclei induced by the multi-step sequential processes. For this purpose, SAs 
for a nucleon [9] and a-particJe [10] transfer between excited states of lp-shell nuclei have 
been calculated recently. These data together with the results of Kurath et al. [11-14] 
and Kwasniewicz et al. [15-16] offer a rather extensive collection of SAs for studying many 
multi-step processes in lp-shell nuciei.
The aim of the present work is to extend the above collection of SAs to the case of 
the transfer of two nucleons in the (.S', T  =  1,0) and (0, 3 ) states (in what follows denoted 
as 2N transfer) between low-lying, normal parity states of lp-shell nuclei. These two- 
-nucleon SAs togethei with the SAs of Ref. [12] provide a wide set of data for a description 
of the transition of 2N between several intermediate states of the multi-step sequential 
transfer process which can contribute to the mechanism of some few-nucleon transfer 
reactions in lp-shell nuclei.
The wavefunctions used in the present calculations as well as in our earlier papers 
on SAs for lp-shell nuclei [9, 10, 15, 16] are the intermediate-coupling model wavefunctions 
obtained with the interaction parameters of Cohen and Kurath [17].
A method of calculating 2N spectroscopic amplitudes for the low-lying, normal 
parity states of lp-shell nuclei is shortly presented in Section 2. In Section 3 sum rules for 
calculated SAs are derived. The example of their application for predicting the contribu­
tion of any allowed intermediate state to 2N transfer in one of intermediate steps of multi- 
-step sequential transfer process is presented.
2. Method o f  calculations
The definition of spectroscopic amplitudes (SAs) for partition of a given nucleus A  into 
the core nucleus B  and the cluster C one can find in many papers (see, e.g., [18, 19, 15, 16]). 
According to the notation of Refs [15, 16] the SAs for decomposition of the nucleus A into 
the core nucleus B  and light cluster C in the state !y,,% /% )) (n ' s the number of nodes, 
excluding those at 0 and oo, and L  is the angular momentum) of their relative motion 
can be defined as follows
S„lj =  H ebJdTu x  ( rPni(Bfsc) x  ^EcJcTc) c )  H ’ G )
where (Pe.j.t. is the antisymmetric, intrinsic wavefunction of nucleus i (i =  A, B  or C) 
labelled by the energy Eh spin J, and isospin 7). The order of coupling of angular momenta 
is shown by the parentheses.
The explicit expression for calculating the SAs defined by (1) depends on the model 
involved to generate the nuclear wavefunctions. It has been displayed in many papers 
that a lot of low-lying states of lp-shell nuclei can be satisfactorily described well in the 
framework of the shell model presuming for the motion of nucleons a space restricted to the 
(ls)4(lp)" shell-model configuration only. Therefore the wavefunctions of these states can 
be expanded in the harmonic-oscillator basis
where [f] is the Young scheme determining the permutational symmetry of the orbital 
part of the state, L(S) is the total orbital angular momentum (spin) of the state, J(T) 
is the total spin (isospin) of a nucleus (the order of angular momenta coupling in this paper 
is: J  =  L + S), and a defines a set of additional quantum numbers required for a complete 
labelling of the state.
Expanding the wavefunctions of the nuclei A and B  in the basis (2) and following the 
steps of Section 2 of Ref. [15] Eq. (1) takes the form
S„ TT —
A \ -
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where c(i) and c(j) are the expansion coefficients of the wavefunctions of nuclei A  and B.
In what follows the SAs will be considered for 2N transfer between low-lying, normal 
parity states of lp-shell nuclei. Making use of the two-nucleon coefficients of fractional 
parentage (c.f.p.) for the lp  shell [20] the bra state of Eq. (3) can be expressed as a product 
of the |y(s4p fl~ 4)> and \ j ( p 2))  states. Thus, the overlap on the right-hand side of Eq. (3) 
reads
< y ( s V ~4 ...)|(V(Sy - 4 ...) x (<pnL(Rc) x )^C(s2[2]ScTc))JTc)JaTa')
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where (p  \p , p 2") is a two-nucleon c.f.p. for the lp-shell [20] and [fpf\ and [f pj] are 
the counterparts of the diagrams [f]  and If)] corresponding to lp-shell nucleons only, 
is the 9j coefficient for recoupling of angular momenta, and L  =  y/2L + 1. The 
second overlap on the right-hand side of Eq. (4) is equal to v'2/2 (of course, on the condi­
tion that <p„L(Rc) is approximated by the harmonic oscillator wavefunction with the same 
oscillator size parameter as for nuclei A, B  and particle C1). So, due to this fact and taking 
into account (4) Eq. (3) becomes
S „ i . i  —
V 2 ^ 4 - 4 y
A —2
2 n + L  
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x LiS-fl gJ
L j  Sj J B 
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¿ i S t JA
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1 The quantum numbers n and L  result from the expression QA—Qg = 2n+ L  (n =  0, 1, 2, ...), 
where Q a  and Qg are numbers of oscillator quanta for nuclei A and B, respectively.
The 2N SAs were calculated for low-lying states of lp-shell nuclei according to Eq.
(5) with the aid of program AMPL [21]. The necessary two-nucleon c.f.p. were taken 
from Ref. [20]. The wavefunctions used in the present calculations are the same as those 
used in our earlier papers on the SAs for lp-shell nuclei [9, 10, 15, 16]. In order to check 
the used program the 2N SAs for the nuclear states of Ref. [12] were recalculated2. The 
results of the present calculations are given in Tables I and II. For the users’ convenience 
the 2N SAs for the most states of Ref. [12] are collected in Tables I and II as well3.
3. Sum rules and their application for predicting the intermediate states contribution to two-
-nucleon transfer
The sum rules for 2N pickup and stripping can be obtained by the straightforward 
adaptation of the sum rules of Ref. [13]. These sum rules can also be derived with the help 
of the orthonormality relations obeyed by the: (/) c.f.p. entering into the formula (5);
(ii) expansion coefficients c of the appropriate nuclear states; (Hi) 9 j coefficients for recoupl­
ing of angular momenta. The pickup sum rule for the SAs of Eq. (5) is
Z  ( s - , ! ^ ( r ) Z ^ Z ™  <6)
J b T b E b L J  i [ / o ]
where c(i) are the expansion coefficients of the wavefunction of the target nucleus A and 
dim [f] is the dimension of the representation [/] of the permutation group Sn of n particles. 
The second sum on the right-hand side includes all [/0] for which [/pi] appears in the pro-
2 The transformation of the SAs from the (j,j2) representation of Ref. [12] to the L.S representation 
(Eq. (5) of present work) is given by the equation
where for two nucleons in the (S, T = 1,0) state
a » .  = v/H a l0(33>- v | S q ‘o( 3i>- v ' j ^ e ,0(ii).
A m  =  -  V ' ^ Q l0(3 3 ) -  V f ^  QloOD+  V T f  e l° ( l l) ,
A m  =  e 20(31),
A m  =  G 30(33), 
and for two nucleons in the (S , T  =  0,1) state
A o o  =  V f  e o , ( 3 3 ) +  v ' l  Q 0 , ( i i ) ,
A m  =  v T  e 2i(33)+  a/ |  e 2,(3i).
The QJT(2jl , 2/,) symbols represent the 2c.f.p. from Tables I and II o f Ref. [12].
3 The phases o f some SAs o f the present work are opposite to those of the appropriate SAs of Ref.
[12]. This is implied by the method o f the present calculations based on the c.f.p. o f Refs [20, 24].
Spectroscopic amplitudes for the transfer o f two nucleons in the (S , T  =  1,0) state between normal parity 
states o f lp-shell nuclei. The states o f  the nucleus A(B) specified by sp in /, isospin T  and calculated excitation 
energy Ecaic (in MeV) are in the first (second) three columns, respectively. The orbitals o f the transferred
particle are in the last four columns
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duct [f0] x [2]. The sum rule for stripping reads
V  ( ^ s  -Z j  \ J . t B nU)  K A - 2 Ÿ  \ 2 / Z E  dim (Z^) dim [ £ ]
j a t a e a u  j
Edim (A/i) dim [ / ] d im TTj—  ' <?)[/]
where the subscript j  refers to the states of a nucleus B. The summation runs only over 
those diagrams [f] which appear in the product [fpj] x [2]. The dimensions of the representa­
tions (A /i)  and [ /]  of the SU(3) and SU(4) group, respectively, are determined once [/] is 
known.
The sum rules of Eqs (6) and (7) firstly enable one to check the calculations of the 
SAs. Similarly as in Refs [13, 15, 16] they can also be useful for predicting the selectivity 
of final states populated in one-step, direct 2N transfer reactions.
Considering a 2N transfer forming part of the multi-step sequential transfer of a few 
particles there are many excited, intermediate states from or to which 2N are transferred. 
Therefore the sum rules (6) and (7) cannot be immediately used in predicting the contri­
bution of these states to 2N transfer. However, the contribution of the structural de­
pendence4 of these intei mediate states can be deduced with the aid of the simple generaliza­
tion (in the same way as in Refs [9, 10]) of the sum rule (6).
Eq. (6) is true for all states of the target nucleus A predicted by the model involved. 
Summing left and right-hand sides of (6) over all these states and taking into account the 
orthonormality condition of the coefficients c(0 one finds that
Z ,8)
Ja Ta a^Jb TbEbLJ i [/o]
where ~V[fpi] is the number of basis states (2) for the nucleus A  specified by 
the Young diagram [fpi]. By means of Eq. (8) one can calculate the quantity equal 
to X (SnU)2. This quantity called the total strength [9, 10] can be a suitable
J a T a E a J b T b E b L J
means of predicting the contribution of the intermediate states to 2N transfer in one of 
a few steps of multi-step process5. In addition, the total strength defined by (8) can also 
be useful in discussing the selectivity of final states populated in 2N stripping and pickup 
(in contrast to the strength defined by (6) which may only be useful for pickup). The distribu­
4 The contribution of any intermediate state to 2N transfer, similarly as in the case of any arbitrary 
particle transferred, depends on the dynamics o f this process as well as on the structure o f the states between 
which 2N are transferred. The SAs allow one to deduce structural dependence o f this process only.
5 Considering a transfer of 2N in the (5, T  =  1,0) state Eq. (8) includes only states of the nucleus 
B  with Tr =  TAs in contrast to the case of 2N in the (5, T  =  0,1) state when summation on the left-hand 
side of (8) includes states of the nucleus B  with Tb =  TA— 1, TA and 7^ +  1 for all states of the nucleus A.
tion of the total strength among intermediate states which can take part in 2N transfer 
process gives their structural selectivity in 2N transfer.
As an example of application of formula (8) the contribution of low-lying states to the 
deuteron transfer of an (a +  d) process (i.e. a direct sequential transfer of the a-particle 
and d in the first and second step, respectively) of the 13C/p, 7Be/7Li* reaction [4] is consid­
ered6. The allowed quantum numbers ( /, T) of the intermediate states can be deduced 
from the angular momenta coupling rule and the law of parity conservation. However, 
one should remember that only those intermediate states most intensively populated by 
the a-particle transfer in the first step will essentially contribute to d transfer In the second 
step. The number of those predominant states can be selected by considering the distribu­
tion of the total strength among the intermediate states produced in the first step of the 
(a +  d) process.
Fig. 1 illustrates the percentage distribution of the total strength among the most 
predominant intermediate states of the 9Be nucleus (the 9Be* -> 7Li* + d transition)
9Be
7/2(619)
n3/2t m
¥2(2.99}
5/2 0 6 3 T  
13/2 (0-00)
5li 7Be
13c
AOC
J ll*
r» O ' m ^  i ;%(7.40)
!I5/2(9.15)
7/2(4 79)
1/2I1.07)
Fig, 1. The percentage distribution of the total strength among the intermediate states taking part in a deute­
ron transfer o f the (a +  d) process o f the J3C/p, 7Be/7Li* reaction for a few low-lying states o f 7Li in the exit 
channel (all numbers are multiplied by the factor 100). States o f nuclei indicated are specified by the spin 
and calculated excitation energy (in brackets) in MeV
6 The two-step (a +  d) process seems to play important role in the mechanism of the I3C/p, 7Be/7Li* 
reaction [4] because o f the a +  d cluster-like structure o f the transferred 6Li nucleus [22, 23].
3/2(0.00ï
for a few low-lying states of the 7Li nucleus in the exit channel. The ratio of fractions of 
the total strength distributed among indicated intermediate states of 9Be leading to the 
J n — 3/2“, 1/2“, 7/2“, 5/2f and 5/2,7 states of 7Li in exit channel is equal to 2.3:1:2.8:1.1:3.1, 
respectively. The contribution of any intermediate state to a deuteron transfer depends 
on the state of 7Li in the exit channel. For example, in the case of the 5/2,7 state of 7Li the 
3/2,", 5/2“ and 7/2“ intermediate states will participate in deuteron transfer at least twice 
more intensively than the 1/2“ and 3/2,7 intermediate states.
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